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Abstract. A coupled Camassa-Holm type equation is linked to the first negative 
flow of a modified Drinfeld-Sokolov III hierarchy by a transformation of reciprocal 
type. Meanwhile the Lax pair and bi-Hamiltonian structure behaviors of this coupled 
Camassa-Holm type equation under change of variables are analyzed. 


1. Introduction 

The Camassa-Holm (CH) equation 

rrit + urrix + 2uxTn = 0, m = u — Uxx (1) 

was proposed as a model for long waves in shallow water by the asymptotic 
approximation of Hamiltonian for Green-Naghdi equations in 1993 [1]. It is completely 
integrable with a Lax pair and associated bi-Hamiltonian structure nia. and is shown to 
be solvable by inverse scattering transformation |3llll|5]. Meanwhile the CH equation is 
linked to the hrst negative flow of the KdV hierarchy by a transformation of reciprocal 
type illlllH]- Furthermore, different from KdV equation, the CH equation admits 
peakon solutions PEI 19], and we call the integrable equation possessing peakon solutions 
CH type equation. 

Degasperis and Procesi (JO], applying the method of asymptotic integrability, 
discover a new CH type equation 

mt + Unix + 3Uxm = 0 , m = u — Uxx, ( 2 ) 

which is also integrable admitting a Lax representation as well as a bi-Hamiltonian 
structure, and is reciprocal linked to a negative flow of the Kaup-Kupershmidt hierarchy 
[H]. Besides the multi-peakon solutions of it are studied by inverse scattering approach 

[I21[I3|. 

Applying the tri-Hamiltonian duality approach two new CH type systems 

are proposed and the corresponding Lax pairs are given by Schiff na. The hrst one is 
the modihed CH equation (MCH) [6], HI] 

mt -b [{u^ - ul)m]x = 0, m = u- Uxx, (3) 
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which is later rediscovered by Qiao from two dimensional Euler equation [TB] . 
Furthermore, the MCH equation is related to the (modified) KdV hierarchy via a 
reciprocal transformation m- The peakon and multi-component generalization of it 
are also researched (see e.g. [IH1[I9]). The second one is a two-component CH equation 

m 

mt + um^ -F 2u^m - pp^ = 0, m = u- (4) 

Pt + {pu)x = 0, (5) 

which is rediscovered from the Green-Naghdi equations and the peakon solutions of it 
in the short waves limit are constructed by Constantin [20]. Moreover it is reciprocal 
linked to the AKNS hierarchy [2T] . 

Subsequently, the Novikov’s equation [22] 

mt + + Snu^m = 0 , m = u — u^x. ( 6 ) 

is obtained in the symmetry classification of CH type equation, a Lax pair and bi- 
Hamiltonian structure are given by Hone and Wang ini, and the explicit formulas for 
the multi-peakon solutions of the Novikov’s equation are calculated [23]. Especially the 
Novikov’s equation is reciprocal connected to the first negative flow of Sawaka-Kotera 
hierarchy. The Ceng-Xue equation 121 

mt + 3uxVm + uum^ = 0 , 

nt + SvxUn + uvux = 0, (7) 

m = u — Uxx, n = V — Vxx- 


is proposed as a generalization of the Novikov’s equation admitting a Lax pair and 
a Hamiltonian structure later. Furthermore, the Ceng-Xue equation is reciprocal 
connected to the first negative flow of the modified Boussinesq hierarchy 1251 , and the 
peakon solutions of it are discussed [26] . 

Recently, Ceng and Wang 1221 propose a new coupled CH type equation with cubic 
nonlinearity 


Vt = 2vx{qrx - qxr) + 2v{3qrxx - qxxT - qxTx - qr), 
Wt = 2wx{qrx - qxr) - 2w{3qxxr - qrxx - qxTx - qr), 

'^XXX '^X'} Qxxx Qx-) 

associated with a 4 x 4 matrix spectral problem 


ifx = Uip, ip = 


( 8 ) 


^ <P1 ^ 


/ 0 0 1 0 \ 


, U = 

0 0 0 1 
i An 0 0 
[Xw i 0 0/ 

<P3 

V 7’4 / 


(9) 


Bi-Hamiltonian structure and infinite sequences of conserved quantities as well as N- 
peakon solutions for the new system are also considered by them. 

The outline of this paper is as follows. In section 2, we construct a reciprocal 
transformation for the CH type system (|H]), it shows that the transformed system is a 
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constraint of the first negative flow of a modified Drinfeld-Sokolov (DS) III hierarchy. 
In section 3, the Hamiltonian strnctnres of the conpled CH type hierarchy nnder 
the reciprocal transformation are given. In appendix, a reciprocal transformation for 
another system related to the problem ([9]) is also stndied. 

2. Reciprocal transformation 


Since inhnite seqnences of conserved qnantities for the integrable hierarchy of the 
spectral problem ([9]) are obtained 1271 , we may constrnct reciprocal transformations 
for the conpled CH type system ([8]) which possesses the Lax representation 


ipa; = U(p, Lpt = Vq), 


where 


1 / = 


‘^Qx 


h 


■ A 


Qxx^x Qx^xx ^2 


ki - 2qr^^ 
A\vk2 + 


2A 


Ak2 

2q 

X 

2qr XX k\ 


_2r 

X 

4:k2 

A 


( 10 ) 

\ 


(jx 

X 


ki - 2qxxr j 


V ^\wk2 + q^^rx - qxTxx - k2 

herein ki = ^ + qxUx + qr, fcs = ^{qrx - Qxt). 

Especially, notice that the eqnation (|8]) implies a conservation law 

((w;n)3)t = {2{wv)^qrx - qxr))x, 

which dehnes a reciprocal transformation via the relation 

dy = udx + 2u{qrx — qxr)dt, dr = dt, (11) 

where u = (wv)^. 

Setting h = then after a gange transformation ipi = the scalar form 

of spectral problem 


can be transformed to 


{dy + dymdy + n)<f = 


( 12 ) 


where 


1 


m = 


11^ II h 

I _ ^yy _ , x '^yy 

2u^ 2u‘^ u h? h ’ 


n + 2^yy - 


1 ^ + 36 ^- 481 ^ + 6 ^ + 10 


hyhyyy 


I I '^yy ^ 

IQu'^ 


UyUyy 


+ 


ut. 


87/4 • 


16//4 

The relation between m, n and m, h may be related to factorization of Lax operator 
To begin with the factorization in |29] . 

L = dl + dymdy + n = (^J + dyi - j){dy .^y 

where m and n satisfy a pair of generalized Minra system 

m = -{iy + i^ + 2j), n = f- jyy - {ij)y. 


idy-j), 
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L = (a, - 

with i,j satisfying 

i = -26i, 


hi + ai){dy — hi — ai){dy + 61+ ai){dy + 61 — Oi), 


j — aiy + — biy — b\, 


where ai = bi = 

It is not difficult to hnd that the spectral problem flT^ is which of the DS III 
system [301 El] and the system ([8]) in the new variable is nothing but a constraint of 
the hrst negative flow of the DS III hierarchy. However, detailed calculation shows 
that we should rewrite the spectral problem (IT^ as matrix form in order to obtain the 
transformed system of ([ 8 ]) and its Lax pair. 

To this end, on the one hand, eliminating 933 , 934 and denoting s = ^, the spectral 
problem ([9]) is transformed to 


'yy 


' u 




^y 

s 

Ui, 


yy 



^yy 

UySy 

1 

4s2 

2 s 

2 us 

4^2 

• ^yy 

^y 

UySy 

Uyy 

■ 2 s 

4s2 

2 us 

U 


)(j) = Xfj, 
.,2 


4^2' 


s u 

where tp = us~^ip 2 (here and in the sequel, we use u, s instead of u, h for convenience). 
Then the two new potentials i,j are obtained 

s,i . 1 <is:, s, 




u ' 


__|_ "^y^y 

4^2 2 us 


3s2 

y I yro 
4 s 2 2 s 


Setting 4) = {ijj, ipy, cp, (py)'^, then the Lax pair flTOl) of the system ([ 8 ]) is transformed to 




( 0 
0 


0 
0 

3 A 
V A 3 -iy 


1 

0 

i 

0 


0 \ 
1 
0 

) 




/_D 

o\2 


V 


1 
9)i2 

L+2/i 

A 

-2^7 

Ta 

A 


A 

1 

2A2 

A 2 

A 

2 / 


0 

2 / 

A 

1 

2A^ 

h 

A 


_2a \ 

A 


_9h. 

A 

1 

15? 


<h,(l 3 ) 


where / = g^, g = rs with 

A 2 = 9yy - ^Pyi - 2gj, 

As= - fyy - 2ift)y + 2fj. 

On the other hand, under the transformation CD. the system 


is transformed 


to 


= — 2 (rs + g 


u 


u^s ^ = dyudyudyr — dyr, 


u 


3 r = - 3(rs)y + 2rsi + —(Qy + 9^), ^ = dyudyudyq - dyq. 

Furthermore, above system may be reformed as 

ir = - 2 (/ + j), Fi = - 1 , 

jr = f,j- 3 g,j + 2 MJ + g), Fj =- 1 , 


(14) 

( 16 ) 
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Fl = ^igyy - Qyyy + {ly “ 2%^ + + {2jy - Uj)g, 

F 2 2jy 2iyy AHy^ f “f" 5iy 2i ^fy ^'^fyy fyyy 

Then it is easy to verify that the compatibility of the transformed Lax pair is just 
the transformed system (I14lll5j) . so the system (IH]) and its Lax pair flTOl) are transformed 
to fll41ll5p and flT^ respectively. 

Now, we will show that the transformed system (I141ll5p is a constraint of the first 
negative flow of the modihed DS III hierarchy. The first negative flow of the modified 
DS III hierarchy may be formed as (see Appendix) 

^^=-2{f + g), Gi = 0, (16) 

3r = fy-^gy + 2lU + g), ^2 = 0, (17) 

where 

Gi = ^(2(Fi + F2)y + dyidy ^(Fi - F 2 )), 

G 2 = “ '^dy){Pi + ^ 2 ) + (~2^y + 2^y + + ^yj)^y ^(-^1 ~ ^ 2 ))- 

To see the connection between (I141I15I) and (I16lll7p . it is clear that the following identity 
holds: 

(G,\^l( + t + dy-l-^id-^ \(F,\ 

[G 2 ) 2[ld^y-ldy+j + ^d-^ )[f2 

(here all integration constants are assumed to be zero). This leads to the fact that the 
system (1 14111 5 j) may be regarded as a reduction of the first negative flow of the modified 
DS III hierarchy (11611171) . 


3. The Hamiltonian structure behavior under the transformation 


Let us define £ = — d, 9 = (n,tc)^ and vG) = then the coupled system ([8]) can 

be written as a bi-Hamiltonian structure 

where 


and 


1/2 — —i’cTi, 

= -2a3ed-\a3ef - 2(9d + de)S-\9d + 89 f, 


Hn = 


j{v[2q^r^^ - 2qq^rx qlr - q^r] + w[2rq^rx - 2q^y - rlq + r‘^q])dx 


i7i = - y {wr — qv)dx, 

' 0 l\ , / 1 0 

and c73 = 


1 0 


0 -1 


herein ai 


are the standard Pauli matrices. 
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The corresponding strnctures snch as the recursion operator, bi-Hamiltonian 
structure, conserved quantities between the two connected equations can be generated 
by the reciprocal transformation (ITTil . and in the following, the bi-Hamiltonian structure 
for the coupled CH type hierarchy under the change of variables {x,v,w) —>■ {y,i,j) 

y = P{x, = ff^(wv)^dx = d~^(wv)^, 

^(y) = Qi(x,v^’^\uj'^’^^) = -^(ujv)~^wv^ - w^v), 

Jiy) = 

= — 33v^uj^ -|- QwWxVVx + 7w'^vl + 24:v‘^wWxx — 3w‘^vVxx) 

may be given. 

Let d = {i,j)'^, following the ideal in |32], an implicit function B{6,'d) = 0 may be 
dehned, then 

Be^t + B.ff'dt = 0, 


where Bq, are corresponding Frechet derivatives for the vector variables, so we get 
= -Tidt, T, = B^^Bg. 

It is easy to hud that Bg is the identity matrix, therefore we may obtain 

hP'W\ - Q'iW\ hP'W\ - Q'iW\ \ 

jyP'[v\ - Q 2 H iyP'[w] - Q'^[w\ ) ■ 

Then as we know that 


Ti = 


5H 


0 , = = J{v,w}Efh, 

0t = =J(i,])Eth, 


(19) 

( 20 ) 
( 21 ) 


where 


H = 


J h{x,v^^\w^^^)dx, H = J~h{y,i^^\j^^^)dy, 

and Eg, Eg are the Euler operators. In order to connect the Hamiltonian structures of 
the two evolution equations, we need the action on Euler operator under a change of 
variables which is related by (see [33], Exercise 5.49) 

Egh = T 2 Egh, 


herein 


J, ^ ( QtJDX) - C(B.«i) QtJD^P) - P^’iDA) 


( 22 ) 


QiJD.P) - P:(D,Q,) QtJD^P) - P"(£>A) J 

We are now in a position to state our main results: 

Theorem 1 The Hamiltonian structures of two evolution equations and (EH) 
which are related by B{9,-d) are linked as 


Jk — —TiJkT2 {k — 1,2), 

where Ti and T 2 are given by / fTPI) and 


_5_ 

5v 

_5_ 

5w 


H{v,w) = T2 
accordingly. 


_5 

Si 


H(z,j), (23) 
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In the following, we will indicate the explicit formula for the transformed 
Hamiltonian operators. It is easy to hnd that 


4 4 n 


P' = — 

^ w A^y ’ 

A: ^ W 


T-)/* ^ \ —- 0—1 ^ 0—1 ^ r>>* ^ 0—1 ^ 

P = — (wv) ‘^WO = - O — P = - c) — 

4 Av ^ u Aw ^ u 

Then through tedious calculations and change of variables, we obtain 


Q'l,v = - 9 y 7 ^- 


= <4 - 'pi + 


O' = d — _— 

^y2w Aw’ 

/o' _ I ^ 02 1 ^ 

Q2„ - (“2 + gS« - jSy)-. 


Q;-„(D,P) = -(2a,-i). 


Qi-jow) = - j(| + p + pi), QtJWP) = fiP + 20 ? + p 2 ) 


Q'UWP) = -—( 2 d, + i), 


Aw^ ^ 
U( j 3 


A direct computation shows 


T 

-'l — 7 


{dyid 1 + 2dy)k 


-2dy)k -2dy)^ \ 

1q 2 io ^l m 0-1 I o^- 3 q2 I 3*0 Nl ’ 


4 V (Jyp ' + 2i + - ldy)b Uydy ^ + 2j - + ^dy)^ 

I ( 7(2^1/ - * + ^y^h) 7i-¥l - ¥y^ - 2i + ^y^h) \ 


4 V 7(-2^1/ -^ + ^y \) 7(|^y + ¥y^ - 2J + dy ^h) 

We are now in a position to obtain the Hamiltonian operators 
Proposition 1 Under change of variables, 


S— = Qi = - Sidy + {2P -iy- Aj)dy + Aij - 2jy. 


It follows from the proposition 1 that 


I qi 

-£- = -0t = dl + Sidy + {2p + 5iy - Aj)dy + 2iyy - 2jy + Aiiy - Aij, 


Hence we deduce that 


where 


= -P ( -e; t 


dyidy ^ + 2dy 


dyidy 1 - 2dy 


jyp ^ + ‘2j + \dy - ^dy jydy ^ + 2j - \dy + ^dy 


Proposition 2 Under change of variables, 


= 02 = aj + {iy - - 2j)dy + dy{iy - - 2j). 
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J 2 


( 

\dl-ldy 



0 0 \ 
0 1 ) 


-{dy + dyi) 

jd + dj - {dy - i)dy{dy + i) 


Since the compatible Hamiltonian operators are gotten, a recursion operator j 2 Ji^ 
is obtained which is also the recursion operator of the modihed DS III hierarchy 
through complicated calculation (compare with the recursion operator of modihed DS 
III hierarchy in appendix), besides the nth equation of the coupled CH type hierarchy 
may be mapped similarly. 

ACKNOWLEDGMENTS 


This work is partially supported by the National Natural Science Foundation of 
China (Grant Nos. 11401572 and 11401230) and the Initial Founding of Scientihc 
Research for the introduction of talents of Huaqiao University (Project No. 14BS314). 


Appendix A. THE FIRST NEGATIVE FLOW OF THE MODIFIED DS 
HI HIERARCHY 


Firstly, we will derive the recursion operator of the modihed DS III hierarchy. Actually, 
the bi-Hamiltonian operators of the DS HI hierarchy [3Ul 154] are 


^ ^ 

\ Ady 3dy + dyiTi mdy j ’ 

p2 _ f ^9y + mdy dym -f ^d^mdy + Andy + Suy \ 

V + Andy + ny ) ’ 

where Pf 2 = ^{dy + dy{dym + mdy+ mdym + ndy +dyn)dy) + dyn + ndy + dymn + mndy, 
then the recursion operator of the DS HI hierarchy is i? = P‘^{P^)~^. Notice that 


m 

n 


= 


-iy -f- 2j \ 

f - jyy - {ij)y J ’ 


therefore the recursion operator of the modihed DS HI hierarchy is R = 

Secondly, let us introduce the hrst negative how of the modihed DS HI hierarchy 
from the formal Lax pair 


$ 


y ~ 


0 I 
A B 








B = 


where 

A. ) 

V A J-ty J 

I is the identity matrix, and = {K^) 2 x 2 , {k = 1, ••■,4). The zero-curvature equation 
yields 



= K^-K^- K^B, 
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- {K^B)y + K^A, 

Ar = Kl- AK^ - BK^ + K^A, 

Br = K^- AK^ - BK^ + K^ + K^B, 
which imply that 

(i - dy)(2Kt, - Kl,y) + MKl, - Kl) = 0, 

(i + a,)(2A-i - Kl,y) + \(Kl - /y,) = 0, 

K + Ki, - ii(a, + t)Kl + (a, - = 0, 

Si - Sa - 2A(Ati + = 0. 

Si + S2 + \\2K*^ - 2At, + Klyy - Kl,,y + 2i(Kly + K]^)] = 0, 

~ ^yM^h - Kii) + MK^y_y - Kliy + 2A'ji 


where 


ir = X{Kl^ - Kl) + A-'Mi, 

jV = + Klf)y + - Kl^)] + A-'M2, 


>^1 = ( 2 ^? “ - 2^y^^y + ^^^y + 

S 2 = - {^dl + dli - jdy - dyj + ^dyidy + 2idyi - i^dy - 2ij)Kl^, 

Ml = ^[2(iSi + S2)y + dyidy\S, - .S2)], 


(Al) 

(A2) 


M2 — -^{dy - idy){Si + S2) + (“2^y A 2 ^^ + ~ *52)] • 


i 

2“^ ' 2' 

Then the hrst negative flow of the modified DS III hierarchy can be obtained by taking 
Kl^ = -2gX-^, = 2/A-i in flA1tlA2h 



where 


/C = 


= /C 


-2 



J 


Fi 

Fo 



(A3) 


-2 


dy + 2i —Wy + 2i 


y 


•7 = 1 f ^2^ + 1 + ^ . 

Al^y-idy+J + fdy-^ 


_ i _ 

^y 2 2 ^y 


■'y-^ 


and 


F 2 j \ 9 



0 = 


0 * 


-01 

0 


Straightforward calculation shows that JQK ^ = —i?, so the system flA3j) is just the 
first negative flow of the modified DS III hierarchy. 


2 x^ 2 ) = 0, 
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Appendix B. RECIPROCAL TRANSFORMATION OF A 
TWO-COMPONENT CH TYPE EQUATION 


In fact another two-component system 
Vt = 4:vq^ + 2v^q 2vr, 

Wt = ‘^wqx + 2wxq — 2wr, 

V = Qxx- q + Tx, w = qxx- q-Tx 


is also given by Geng and Wang [27j, this system and 
problem, but auxiliary problem here is 


= 


(Bl) 

share the same spectral 


/ 

r -qx 

0 

2q 

1 

A 

\ 


0 

1 

1 

1 

A 

2q 



\{v + w + q)- qxx 

2Xvq + ^ 

r + qx 

0 


V 

2\wq + ^ 

l{v + w + q) -qxx 

0 

qx-r 

/ 


ip. 


As points out in [^, the two-component CH system flBlD possesses a closed 1-form 
oj = {vw)^dx + 2q{vw)^dt, 
which defines a reciprocal transformation as 

dy = udx -|- 2qudt, dr = dt. (B2) 

Proceeding as before we obtain, the CH system (IBip is reciprocally transformed to 

O 

u^i 


K = S 


u 

s 


Sy 

% = — 


u 


Jr — 


Uy U Sy 

—loj -“ 


_ I 

2us 


3s: 


+ 


^yy 


4s2 2s ’ 


(B3) 

(B4) 


and the transformed Lax pair is 

/ 0 
0 


<J) = 


0 
0 

J A 
V A i -iy 


0 \ 
1 
0 

J 




0 


fi 

AV2s ■ ’ ^ 


V 


2As2 

S 

>j?Ai 


0 

A. 

A 


s^A 


Hi. 

As 

0 

V2AsA 


! ^ 

0 

ly_ 

2 A 

0 


1 I _ '^y^i 

■ 2su 




where Ai = s 

It is not difficult to find that the transformed system (1B31IB4P is a constraint of the 

first negative flow of modified DS HI hierarchy, but the linear differential polynomials 
2 

for s, ^ like /, in Fi, F 2 are difficult to analyse, therefore the concrete relation between 
flB31IB4p and the first negative flow of the modified DS HI hierarchy is open. 
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